Extending the notion of very weak solutions, developed recently in the three-dimensional case, to bounded domains Ω ⊂ R 2 we obtain a new class of unique solutions u in L q (Ω), q > 2, to the stationary Navier-Stokes system − u + u · ∇u + ∇p = f , div u = k, u | ∂Ω = g with data f, k, g of low regularity. As a main consequence we obtain a new uniqueness class also for classical weak or strong solutions. Indeed, such a solution is unique if its L q -norm is sufficiently small or the data satisfy the uniqueness condition of a very weak solution.
Introduction and main results
Throughout this paper, Ω ⊂ R 2 denotes a bounded domain with boundary ∂Ω of class C 2,1 and unit outer normal vector N(x) = (N 1 (x), N 2 (x)) at x = (x 1 , x 2 ) ∈ ∂Ω. Then we consider the stationary Navier-Stokes system
with nonhomogeneous data f = div F , k and g satisfying Here C 2 (Ω) = {v |Ω : v ∈ C 2 (R 2 )}, · , · denotes the usual L q -L q -pairing on Ω and g, N · ∇w ∂Ω means the value of the boundary distribution g ∈ W −1/q,q (∂Ω) applied to the test function N · ∇w; for more details see Section 2. .3) contains only the tangential component g · τ = u | ∂Ω · τ of g. Therefore, the condition on the normal component of u on ∂Ω in (1.4) must be prescribed in addition to (1.3) . In principle, we follow the notion of very weak solutions introduced by Amann [2, 3] for the three-dimensional nonstationary case with k = 0 and extended in [6, 10] to the stationary and nonstationary 3D-case with k = 0.
To prove the main existence result for the Navier-Stokes equations we first consider the stationary Stokes system
with data f = div F, k and g as in (1.2) where now 1 < r q < ∞,
Then there exists a unique very weak solution u ∈ L q (Ω) of the Stokes system (1.5), i.e.,
Moreover, there exists a pressure p ∈ W −1,q (Ω) such that − u + ∇p = f in the sense of distributions, and (u, p) satisfy the estimate
with a constant C = C(Ω, q, r) > 0.
For the Navier-Stokes system the nonlinear term u·∇u causes the additional restrictions q > 2 and q < r. Now our main result reads as follows:
2) with 2 < q < ∞, q < r q and 
with C = C(Ω, q, r) > 0.
As an application we consider the classical Navier-Stokes equations with data F ∈ L 2 (Ω), k = 0 and g ∈ W 1/2,2 (∂Ω) such that ∂Ω g · N do = 0 and a weak solution u ∈ W 1,2 (Ω), i.e.,
in the usual weak L 2 -sense. As is well known, see [9, The following corollaries are an obvious consequence of Theorem 1.3. First we obtain a weaker uniqueness condition and therefore a larger uniqueness class for weak solutions u ∈ W 1,2 (Ω) of (1.11).
, and let u ∈ W 1,2 (Ω) be a weak solution of (1.11) in the weak L 2 -sense. Moreover, let 2 < q < ∞, q < r 2 and 
then u is unique in the class of such weak solutions with the same data f = div F and g.
Note that the weakest integrability condition on F in (1.13) is obtained when q = 4 and r > The proofs in Section 2.3 below will show that the previous results can be improved concerning the assumptions on f = div F :
2) may be replaced by the slightly weaker condition
in the sense of (2.10) below. In this case, the term − F, ∇w = div F, w in (1.3) and (1.6) is replaced by
Then both Theorems 1.2 and 1.3 remain valid if we replace F r by A −1 q P q f q in the smallness assumption (1.8) and in the a priori estimates (1.7), (1.9) and (1.10). This extension follows from the proofs in Sections 2.2 and 2.3 and the explicit representation formulae (2.12) using (2.13), (2.18), (2.22) which are written in a form easily leading to this more general result.
Proofs

Preliminaries
Let 1 < q < ∞ and q = 
and-as the main space of test functions- 
such that
We note that the operator norms of E 1 and E 2 depend only on Ω and q. Let 1 < r q,
and satisfies the estimate
Conversely, there exists a bounded linear extension operator 
of f at ∂Ω is well defined; moreover, by (2.4)
We recall that there exists a linear bounded operator
cf. [7, 15] . Setting P q f = f − ∇H we get the bounded Helmholtz projection P q :
, satisfying P 2 q = P q and P q = P q for the dual operator.
The Stokes operator with a constant C = C(u). In other words,
Hence there exists an element A
Proof of Theorem 1.2
The idea of the proof is based on an explicit representation of the very weak solution u in the form 12) where ∇H = (I − P q )u carries the information of k = div u and g · N = u | ∂Ω · N , see (2.13) below, where S = A −1 q P q div F solves a homogeneous Stokes equation with external force f = div F , and R mainly carries the information of the tangential component of g (plus a correction due to ∇H ), see (2.21) below.
In the following we construct R, S and ∇H step by step using only the data f, k, g; then we show that u = R + S + ∇H is the desired very weak solution. First we define ∇H as a solution of the weak Neumann problem
with c j = c j (Ω, q, r) > 0, j = 1, 2, see (2.7). Then we solve the weak Neumann problem
and obtain by (2.5), (2.8), (2.14) the estimate 
(Ω) is well defined and satisfies
cf. (2.10). Moreover, by (2.11), for all w ∈ C 2 0,σ (Ω)
Comparing this identity with (1.6) we conclude that S = A −1 q P q div F is a very weak solution of the Stokes system with S | ∂Ω = 0, div S = 0 in Ω and external force div F . Now it remains to find the remainder term R (= u − S − ∇H ) as the very weak solution of the Stokes system
Thus for all w ∈ C 2 0,σ (Ω) For its proof we approximate k, g in (2.13) by smooth functions k n , g n , n ∈ N, such that k − k n r → 0, g − g n −1/q,q,∂Ω → 0 as n → ∞, and let ∇H n ∈ L q (Ω) be the solution of (2.13) with k, g replaced by k n , g n . Then, by (2.16), (2.17) we obtain ∇H − ∇H n q → 0, ∇H − ∇H n −1/q,q,∂Ω → 0 as n → ∞; hence the identity
Note that a very weak solution u ∈ L q (Ω) of (1.5) is unique. Indeed, in the case
we conclude that u = 0. Moreover, in the general case, (2.12) and (2.16), (2.19), (2.23) yield the a priori estimate (1.7) for u.
Concerning the pressure, we consider test functions w ∈ C ∞ 0,σ (Ω) in (1. 
Proof of Theorem 1.3
We write the Navier-Stokes system (1.1) in the form
and use the representation formula (2.12) in the form
here ∇H , R are defined by (2.13), (2.22), respectively. At this point, it is necessary to show that
Lemma 2.1. Let 2 < q < ∞, q < r q and ( (ii) For ϕ ∈ C ∞ 0,σ (Ω) Hölder's inequality yields the estimate
The term | div(wv), ϕ | will be estimated similarly.
q ), the first inequality is proved, see (2.10). Moreover, using the continuous embedding
where
By Lemma 2.1 a vector field u ∈ L q (Ω) is a very weak solution of (1.1) if and only if u is a very weak solution of (2.25). Moreover, u may be found as a fixed point of the nonlinear equation (2.27). To solve (2.27), we use (2.16), (2.19), (2.23) and Lemma 2.1 to get the inequality
, the previous inequality may be written in the form
Analogously, we obtain that
proves the existence of a unique fixed point u ∈ B ρ (0) of (2.27) provided that the data F, k, g satisfy the smallness condition (1.8) with a suitable constant K = K(C 0 ), C 0 as in (2.28). Moreover, the unique solution u ∈ B ρ (0) satisfies the a priori estimate (1.9) with C = 2C 0 ; for more details of this standard procedure see, e.g., [10, Proof of Theorem 4] . As in the proof of Theorem 1.2 we get a pressure p ∈ W −1,q (Ω) such that (1.1) holds in the sense of distributions and satisfying (1.10).
It remains to prove the uniqueness of u in the class of all very weak solutions of (1.1). Assume that u, v ∈ L q (Ω) are very weak solutions of (1.1) with the same data f, k, g. Then the representation formula (2.27) (with ∇H = 0, R = 0) yields for u − v the identity 
σ (Ω) as before, but by Lemma 2.1(ii) using q 0 = q > 2 we only get that A 
This step will be repeated finitely many times implying that 
Further results
Remark 2.2 (Representation formula).
(1) The representation u = R + S +∇H , see (2.12), of the very weak solution u of the Stokes system (1.5) describes u as the sum of three terms each of which is a very weak solution of a related Stokes system. Concerning ∇H , note that by (2.13) v = ∇H solves the equation
where ∇H | ∂Ω ∈ W −1/q,q (∂Ω) is well defined, cf. (2.17).
(2) Consider a very weak solution u ∈ L q (Ω) of the Navier-Stokes system (1.1), (1.2). By (2.26), (2.27) u has a representation
where R, S and ∇H are defined by (2.21), (2.18) and (2.13), respectively. Let
i.e., E is a very weak solution of the inhomogeneous Stokes system (1.5). Then U = u − E is a very weak solution of the nonlinear system
of Navier-Stokes type with homogeneous data; here Definition 1.1 must be modified correspondingly. We may solve (2.31) directly with Banach's fixed point theorem when E is considered to be known. In this case the weaker smallness condition
instead of (1.8) yields existence and (global) uniqueness of the very weak solution of (2.31) and therefore also of (1.1).
The term F r + g −1/q,q,∂Ω + k r in the smallness condition (1.8) may be arbitrarily large even when the smallness condition (2.32) is satisfied. Actually, we consider data of the type F n = ∇ρ n , ρ n ∈ C ∞ 0,σ (Ω), and k n = 0, g n = 0 , n ∈ N, only. Obviously the unique very weak solution of the Stokes system (1.5) is E n = −ρ n so that we have to compare the norms F n r = ∇ρ n r and E n q = ρ n q .
To be more precise, let 0 = ρ ∈ C ∞ 0,σ (B 1 (0)) be fixed and assume that for every n ∈ N the domain Ω admits the choice of n 2 points {x 
with N · h = 0 be given and define using (2.2), (2.7)
. 
